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Basic informations

The only evaluation is the final exam.
Exam requirements:

• Orientation in the topics
• Understanding relationships of different notions
• Knowledge of proofs of all theorems
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JOZEF DOBOŠ: FUNCTIONAL ANALYSIS

Syllabus
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• Literature
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Topological Spaces

Let X be a non-empty set. A topology on X is a family T of subsets of X, which
are called open sets, with the following properties:
(1) both the empty set ∅ and the total set X are open,
(2) an arbitrary union of open sets is open, and
(3) a finite intersection of open sets is open.
The system (X, T ) is called a topological space.
A subset F of X is said to be closed if and only if its complement X−F is open.

We say that f : X → Y is continuous if f−1(G) is open for every G open in Y .

A collection B of open sets is said to be a base for the topology T on a space X
if and only if each non-empty element of T is a union of elements of B.
Let (X1, T1) and (X2, T2) be topological spaces and let X1×X2 be their product.

Sets of the form U × V , with U ∈ T1 and V ∈ T2, form a base for the product
topology.
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A pseudometric on a space X is a function d : X2 → [0,∞) satisfying the
following axioms:
(1) d(x, x) = 0,
(2) d(x, y) = d(y, x),
(3) d(x, z) 5 d(x, y) + d(y, z).
It is a metric if it satisfies the additional axiom:
(4) d(x, y) = 0⇒ x = y.

Let X be a metric space. The open ball of radius ε > 0 centered at a point
p ∈ X is defined as

B(p, ε) = {x ∈ X : d(x, p) < ε}.

A sequence (xn)n∈N is Cauchy if and only if

∀ε > 0 ∃n ∈ N ∀k, l = n : d(xk, xl) < ε.

A metric space X is complete if and only if every Cauchy sequence in X con-
verges.
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Linear Spaces

A set X is called a real (complex ) linear space if for every two of its elements x
and y there is assigned an element x+y of the set, called their sum, and if for any
real (complex) number λ and any element x there is assigned an element λx of the
set X, called their product, where these operations satisfy the following conditions:
(1) (x+ y) + z = x+ (y + z),
(2) x+ y = y + x,
(3) there exists an element Θ in X such that 0x = Θ for every x ∈ X,
(4) (λ+ µ)x = λx+ µx,
(5) λ(x+ y) = λx+ λy,
(6) (λµ)x = λ(µx),
(7) 1x = x.

A finite set of elements x1, . . . ,xn in a linear space X over K is said to be linearly
independent if and only if α1x1 + . . . αnxn = Θ with α1, . . . , αn ∈ K implies that
α1 = · · · = αn = 0. A subset A in a linear space is said to be linearly independent
if and only if each finite subset of A is.
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A subset H in a linear space X is called a Hamel basis of X if and only if it is
linearly independent and if any element of X can be written as a finite combination
of elements of H.

Theorem. Let A be a linearly independent subset of a linear space X. Then there
is a Hamel basis of X containing A.

Let X be a linear space over a field K, and let A be a subspace of X. We
define an equivalence relation ∼ on X by standing that x ∼ y if x − y ∈ A. The
equivalence class of x is x + A. The quotient space X/A is defined as X/ ∼, the
set of all equivalence classes over X by ∼. Scalar multiplication and addition are
defined on the equivalence classes by
(1) α(x+A) = (αx) +A for all α ∈ K, and
(2) (x+A) + (y +A) = (x+ y) +A.
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Topological Linear Spaces

The field K of scalars will always be R or C. A topological linear space over K
is a linear space X over K furnished with a topology T such that
(1) the map (x,y) 7→ x+y is continuous from X2 into X (where X2 is given the
product topology),

(2) the map (λ, x) 7→ λx is continuous from K×X into X (where K has its usual
topology, and K×X the product topology).

Topological linear spaces are uniform spaces.

A set A is called absorbing if for all x ∈ X there exists a real number r such
that ∀α ∈ K : |α| = r ⇒ x ∈ αA with αA = {αx : x ∈ A}.
A set A is called balanced if for all α ∈ K with |α| 5 1 we have αA ⊂ A.

Theorem. Every finite dimensional Hausdorff topological linear space X over K
with dimension n is linearly homeomorphic to Kn.
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Normed Spaces

Let X be a linear space over K. A mapping ‖·‖ : X → R is said to be a seminorm
if
(1) ‖x‖ = 0 for all x ∈ X,
(2) ‖x+ y‖ 5 ‖x‖+ ‖y‖ for all x,y ∈ X,
(3) ‖λx‖ = |λ|‖x‖ for all x ∈ X and all λ ∈ K.
If ‖ · ‖ has the additional property that ‖x‖ = 0 implies that x = Θ, then ‖ · ‖

is a norm on X. A normed space is a linear space possessing a norm.
If X is a normed space with the norm ‖ · ‖, then the formula d(x,y) = ‖x− y‖,

for x,y ∈ X, defines a metric d on X. This is called the metric induced by the
norm ‖ · ‖.

Theorem. Any two norms on a finite dimensional linear space are equivalent.
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Locally Convex Spaces

A subset A of a linear space X over K is said to be convex if λx+ (1− λ)y ∈ A
whenever x,y ∈ A and 0 5 λ 5 1.
A topological linear space is said to be locally convex if there is a neighborhood

base at Θ consisting of convex sets.

Theorem. For any convex absorbing set V ⊂ X the function pV : X → R,
pV (x) = inf{t > 0 : x ∈ tV }, is positively homogeneous and subadditive on
X. If, in addition, V is balanced, then pV is a seminorm on X. Furthermore,
{x ∈ X : pV (x) < 1} ⊂ V ⊂ {x ∈ X : pV (x) 5 1}.

The function pV is called the Minkowski functional associated with the convex
absorbing set V in the linear space X.

Theorem. The topology of any locally convex topological linear space is deter-
mined by a family of seminorms. This family may be taken to be the family P
of Minkowski functionals associated with all convex, absorbing, balanced neighbor-
hoods of Θ.
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Banach Spaces

A complete normed space is called a Banach space. A normed space X is a
Banach space if every Cauchy sequence in X converges.

Proposition. The normed space X is complete if and only if the series
∞∑

n=1
xn

converges, where (xn)n∈N is any sequence in X satisfying
∞∑

n=1
‖xn‖ < ∞. In other

words, a normed space is complete if and only if every absolutely convergent series
is convergent.

Let A be a linear subspace of X. We define the quotient norm on the quotient
space X/A by the following way

‖x+A‖ = inf{‖y‖ : y ∈ x+A}.

Theorem. For any closed linear subspace A of a Banach space X, the quotient
space X/A is a Banach space under the quotient norm.
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Linear Operators

A linear operator T between linear spaces X and Y (over K) is a map T : X → Y
such that

T (αx+ βy) = αT (x) + βT (y)

for all α, β ∈ K and all x,y ∈ X.
The linear operator T : X → Y is said to be bounded if there exists some b > 0

such that ‖T (x)‖ 5 b‖x‖ for all x ∈ X. In this case we define ‖T‖ to be

‖T‖ = inf{b : ‖T (x)‖ 5 b‖x‖ for all x ∈ X}.

Proposition. Suppose that T : X → Y is a bounded linear operator. Then

‖T‖ = sup{‖T (x)‖ : ‖x‖ 5 1} = sup{‖T (x)‖ : ‖x‖ = 1} = sup
{
‖T (x)‖
‖x‖ : x 6= Θ

}
.

The set of bounded linear operators from a normed space X into a normed space
Y is denoted B(X, Y ).
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The Dual Space

Let X be a linear space over K. The algebraic dual of X (often denoted X∗) is
the vector space over K of all linear functionals on X equipped with the obvious
operations of addition and scalar multiplication.
Let X be a normed space over K. The space of all bounded linear functionals

on X is denoted by X ′ and called the continuous dual of X. When the context is
clear, the continuous dual may just be called the dual.

Theorem. Let X be a normed space. For x ∈ X, let Vx : X ′ → K be the evaluation
map Vx(f) = f(x), f ∈ X ′. Then x 7→ Vx is an isometric linear mapping of X
into X ′′.

Thus we may consider X as a subspace of X ′′ via the linear isometric embedding
x 7→ Vx. A Banach space X is called reflexive if X = X ′′ via the above embedding.

Theorem. A Banach space X is reflexive if and only if X ′ is reflexive.
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Baire Category Theorem

A topological space is called a Baire space if the countable union of any collection
of closed sets with empty interior has empty interior.

Baire Category Theorem. Every non-empty complete metric space is a Baire
space.

Theorem. (Banach-Steinhaus principle of uniform boundedness) Let X be a Ba-
nach space and let F be a family of bounded linear operators from X into a normed
space Y such that for each x ∈ X the set {‖T (x)‖ : T ∈ F} is bounded. Then the
set of norms {‖T‖ : T ∈ F} is bounded.

Theorem. (Open mapping theorem) Suppose that both X and Y are Banach
spaces and T : X → Y is a bounded linear operator. Then T is an open map,
i. e. T maps open sets in X into open sets in Y .

Theorem. (Closed graph theorem) Suppose that X and Y are Banach spaces and
T : X → Y is a linear operator. Then T is bounded if and only if the graph of T is
closed.
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Hahn-Banach Theorem

Hahn-Banach Theorem. (real version) Let X be a real linear space and suppose
that f :M → R is a linear mapping defined on a linear subspace M of X such that
f(y) 5 p(y), for all y ∈ M , for some subadditive and positively homogeneous map
p : X → R. Then there is a linear functional L : X → R such that L(x) = f(x) for
x ∈ M and

−p(−x) 5 L(x) 5 p(x) for x ∈ X.

Hahn-Banach Theorem. (complex version) Suppose that M is a linear subspace
of a vector space X over C, p is a seminorm on X, and f is a linear functional on
M such that

|f(x)| 5 p(x) for x ∈ M.

Then there is a linear functional L on X such that L(x) = f(x) for x ∈ M and

|L(x)| 5 p(x) for all x ∈ X.
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JOZEF DOBOŠ: FUNCTIONAL ANALYSIS

Lp spaces

Let (X,B, µ) be a measurable space. Let 0 < p < ∞. The Lp-norm of a function
f : X → C is defined as

‖f‖p =

(∫
X

|f |pdµ

) 1
p

when the integral exists. The set of functions with finite Lp-norm forms a linear
space V with the usual pointwise addition and scalar multiplication of functions.
The set K of functions with zero Lp-norm form a linear subspace of V .

Theorem. If 1 5 p < ∞, the quotient space V/K is complete with respect to the
Lp-norm.

The L∞-norm of f is defined as follows:

‖f‖∞ = inf{a ∈ R : µ({x : |f(x)| > a}) = 0}.

`p spaces are Lp spaces for the counting measure on N.
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Hilbert Spaces

Let X be a complex linear space. A complex-valued function

〈·, ·〉 : X2 → C

of two variables on X is a inner product if
(1) 〈x, x〉 = 0 and equality only for x = Θ,
(2) 〈x, y〉 = 〈y, x〉,
(3) 〈x, y + z〉 = 〈x, y〉+ 〈x, z〉,
(4) 〈αx, y〉 = α〈x, y〉.
Then X equipped with such a 〈·, ·〉 is a pre-Hilbert space.
The associated norm ‖ · ‖ on X is defined by

‖x‖ =
√
〈x, x〉.

If a pre-Hilbert space is complete with respect to the metric arising from its
inner product, then it is called a Hilbert space.
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Theorem. (Riesz representation) If T is a bounded linear functional on a Hilbert
space X, then there exists a unique vector y ∈ X such that T (x) = 〈y,x〉 for all
x ∈ X.

An important consequence of the Riesz representation theorem is the existence
of the adjoint of a bounded on a Hilbert space. The defining property of the adjoint
T ∗ ∈ B(X) of an operator T ∈ B(X) is that 〈x, T (y)〉 = 〈T ∗(x),y〉 for all x,y ∈ X.

A bounded linear operator T : X → X on a Hilbert space X is self-adjoint if
T ∗ = T . Equivalently, a bounded linear operator T is self-adjoint if and only if
〈x, T (y)〉 = 〈T (x),y〉 for all x,y ∈ X.
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The Spectrum of Bounded Linear Operators

We denote the space of bounded linear operators on a Hilbert space X by B(X).
The resolvent set of an operator T ∈ B(X), denoted by ρ(T ), is the set of complex
numbers λ such that (T − λI) : X → X, where I : X → X is the identity map, is
one-to-one and onto. The spectrum of T , denoted by σ(T ), is the complement of
the resolvent set in C. A complex number λ is called an eigenvalue of T if there is
a non-zero vector x ∈ X such that T (x) = λx.

The spectral radius of T , denoted by r(T ), is the radius of the smallest disk
centered at zero that contains σ(T ), i. e. r(T ) = sup{|λ| : λ ∈ σ(T )}.

Theorem. (Spectral theorem for compact, self-adjoint operators) Let T : X → X
be a compact, self-adjoint operator on a Hilbert space X. There is an orthonormal
basis of X consisting of eigenvectors of T . The non-zero eigenvalues of T form a
finite or countably infinite set {λk} of real numbers, and T =

∑
k

λkPk, where Pk

is the orthogonal projection onto the finite-dimensional eigenspace of eigenvectors
with eigenvalue λk.
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Hint
Press Escape to exit from the full screen window.

http://www.ams.org/online_bks/coll31/
http://www.mth.kcl.ac.uk/~iwilde/notes/fa1/fa1.pdf
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http://www.math.umn.edu/~garrett/m/fun/
http://www.math.ucdavis.edu/~hunter/book/pdfbook.html

