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ON MODIFICATIONS OF THE
EUCLIDEAN METRIC ON REALS

JozeErF DOBOS

ABSTRACT. The paper is concerned with some differentiable properties of Eu-
clidean metric preserving functions.

Denote by O the set of all functions f: [0, 400} — [0,+0c) with f(0) = 0.
Let (M, d) be a metric space. For each f € O define the function d;: M X M —
[0, +00) as follows

ds(z,y) = fld(z,v)) for each z,y € M.

Denote by M the set of all functions f € O such that for each metric space
(M, d) the function d; is a metric on M. Denote by M, (M;) the set of all
functions f € O such that e, is a pseudometric (metric) on the real line, where
e: R x R — [0, +00) is the Euclidean metric on R (i.e., e(z,y) = [z — y| for
each z,y € R).

Let a, b and ¢ be positive numbers. We say that the triplet (a, b, c) is triangle
ifa<b+te, b<a+cand ¢c<a+b. Itis known (see [1]) that f € M iff f
vanishes exactly at the origin and maps each triangle triplet (a, b, c) to a triangle
triplet.

PROPOSITION 1. Let f € O. Then
a) f € M, iff f maps each triangle triplet (a, b,a+b) to a triangle triplet;
by fe M, iff f e M, and f vanishes exactly at the origin.
Denote by F the even extension of f € O, ie, F: R — [0,400), F(z) =
f(|z|) for each z € R. It is not difficult to prove
PROPOSITION 2. Let f € O. Then the following assertions are equivalent
(i) feM,g,
(i1) F is subadditive,
(iii) Vz,y € [0,4+00): [f(z) — fy)l < f(lz —vl).
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COROLLARY 1. Let f € M,. Then f is continuous iff it is continuous at the
origin.

PROPOSITION 3. (Compare to {3].) Let f € M, t > 0. Then I' is periodic
with the period t il f(t) = 0.

Proof. Supposethat f(¢t) =0.Let z € R. Then F(z+¢#) < F(z)+ F(t) =
F(z) < I'(z +t) + F(=t) = F(z 4+ {), which yields F(z +t) == F(z). O

COROLLARY 2. Let f € M. Suppose that f is differentiable on the right at
some s € f71(0). Then for each t € f~1(0) there exist both one-sided derivatives
of F' and Fi (t) = —F’(t) = fi(s).

PROPOSITION 4. Let f e M, t € F~1(0). Then F is differentiable at t iff
F' is constant.

Proof. By Corollary 2 F is differentiable at the origin and #7(0) = 0. Let
a > 0. We shall show that f(a) = 0. Let £ > 0. Then there is § > 0 such that

for each x € (0,6) we have @ < £. Choose n € N such that & < é. Then
f(3) < 5. Therefore f(a) <n- f(2) <e. Since € > 0 was arbitrary, we obtain
fla)=0. O

COROLLARY 3. Let f € M, be nonconstant. If f is differentiable on (0, 4-00),
then f e M.

It is known that for each f € M we have
Va,b20, a < 2b: f(a) S 2f(b). (*)

(See [1].) The following cxample shows that for functions f € M, this asser-
tion is not true.

ExaMPLE 1. Define f: [0,+00) — [0,400) by f(z) = |sinz| + |siny/2z]| for
each £ 2 0. Then f € M, but lim+inf f(z) =0.
T— 100

Now we will describe a construction of differentiable functions f € M, with
iminf 12 =0
LEMMA 1. Let f € M, n € N. Define f, : [0,40c) — [0, +0c0) as follows
f(z), z € [0,2"71],
folz) =< f(2" - z), z € (2771, 27],
folz—k-2™), zec(k-2%(k+1)-2"], (k=12,...).

Then f, € M,.
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Proof. Let ,y > 0. Then there are k,l € {0,1,2,3,...} such that k-2" <
rS(k+1)-2"and - 2" <y S (I+1)-2".Puta=z—k-2" and b=y —1-2™.
Evidently a,b € (0,2"]. Suppose that a £ b. We distinguish six cases.

1) Let a,b,a +b € (0,2"7!']. Since (a,b,a + b) is a triangle triplet,
(f. (@), [, (), [, (= + y)) = (f(a), f(b), f(a+ b)) is a triangle triplet.

2) Let a,b € (0,271, and a+b € (27"71,27]. Since (a.b,2" —a —b) is a
triangle triplet, ([, (), f,(¥), [o(z+ 1)) = (f(a), f(b), f(2" —a b)) is

a triangle triplet.
3) Let a € (0,277 '], and b,a+b € (271, 2"]. Since (a,2" —b,2" —a —b) is

a triangle triplet, (f,(z), f,(v), fo(z +¥)) = (f(a), F(2" = b),
f(2" —a— b)) is a triangle triplet.

4) Let a € (0,2771], be (271,27, and a+b € (2", 3-2"1]. Since (a, 2" —

b,a+b—2") is a triangle triplet, (fn(a:),fn(y),fn(a‘+y)) = (f(a),f(?"—
b), f(a+b—2")) is a triangle triplet.

5) Let a,b € (2"71,2"] and a +b € (27, 3 -2"71]. Since (2"—a, 2"-b,

a+b—2") is a triangle triplet, (f, (z), f,(¥), f.(z +¥)) = (f(2"—a),
f(2"=b), f(a+b—2")) is a triangle triplet.

6) Let a,b € (2771,27], and a+b € (3- 2771 27! Since (2"—a, 2"-b,
2+l — g —b) is a triangle triplet, (fn(m), (), fn(:z:+y)) = (f(2"-a),
f(2"=b), f(2"*t'—a — b)) is a triangle triplet.

O
As a corollary we obtain

THEOREM. Let f € M. Suppose that f(z) =1 for each = 2 1. Define
fo: 10, +20) — [0, +00) as follows

folz) =sup{2' "-f (2); ne N} foreach x2ZU0.
Then f, € M, and f,(2") = 27" for each n € N.

The following example shows that there is a differentiable function f e M,
with liminf f(z) = 0.

=
ExanpLr 2. Let f € O be such that
(1) f is nondecreasing,
(2) f is differentiable on [0, 400),
) [(a,)=2""" (neN),
(1) f0,)=0 (nel),
)

flr) =1 for cach x 2 1,
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(6) f(z) 2k, -z for each z € (@pi1ra,) (n€N),
(7) f'(z) £k,,, foreach z € (apy1ra,) (REN),
where a, = 242 and k, = — (neN).

Since f =supg, , where g, : [0, 400) — [0, +00),

21—1’1

Kppr-z, z€ [0,a,41),

gn(:z:) = f(:L‘) ) S [an+1’ an] )
21-n r € (a,,+o0),

(n € N), we have f € M. By Theorem fo € M| and liminf fy(z) = 0. It is
. . . . . Ir—+00
not difficult to verify that fo is differentiable on [0, +00).

By this method it is not difficult to construct a singular function f € M,
with liminf f(z) = 0.
I—+toc
IEXAMPLE 3. Let ¢: [0,1] — [0,1] be the standard Cantor function, (See [2].)
Define f: [0,4+cc) — [0, 400) as follows

c(r), xe€]o,1],
1, otherwise.

)= {

It is not difficult to verify that f € M. By Theorem we obtain fo € M, and
liminf f,(z) = 0. It is casy to sce that fo is singular.
T— 400

Note that if f € M is continuous, f, is almost periodic. In this connec-
tion a question arises of whether every continuous function f € M, with

liminf f(2) = 0 is almost periodic.
Tr—s4nc
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