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Preface

We call a function f : [0,4+00) — [0, +00)
metric preserving iff for each metric space
(X,d) the function f o d is a metric on X.
Although the first reference in the literature
to the notion of metric preserving functions
seems to be [67], the first detailed study
of these functions was by Sreenivasan in
1947 [58]. Kelley’s classic text in general
topology [33] mentions some of early known
results in an excercise. This is the only
place where this topic is treated in a widely-
known monograph. In the past two decades,
a significant literature has developed on the
subject of metric preserving functions.

The purpose of this booklet is to present some
of results and techniques of the field to a
broader mathematical audience.
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by Paul Corazza [15] for the sake of expository clarity.



4 CHAPTER 0

0. Introduction

We begin with three examples:

Example 1. You are in New York City, just got a cab — you get in. The
meter shows $1.50. This is a flat rate, as the driver says. Now every % of a
mile will cost you $0.25. The graph is shown in Figure 1.

Cost ($)
o—— @
o— o
.
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Figure 1

Example 2. Have you called your friend in Paris, France from NY? The
current AT&T full rate is $1.71 for the first minute and $1.08 for every
additional minute. This data is shown on the graph in Figure 2.

Cost (8$)
3.87T
2,791
171 o———o
0 1 2 3 time (min.)

Figure 2
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Example 3. Imagine that you operate a truck fleet. Observe that the
distance travelled by a truck corresponds to a certain amount of money spent
on fuel. Conservative estimates show about 10 miles per gallon. Assume
1 gallon of fuel costs $ 1.00.

If we place the distance (in miles) on the z-axis and the cost (in $) on
the y-axis then the function f : [0, +00) — [0, +00) is given by f(z) = [{5],
x > 0; where z — [x] is the ceiling function, which returns the smallest
integer that is not less than its argument, i.e. [a] = min([a, +o0) NZ).

What do these three examples have in common? In each instance we
replace the actual distance, or time, as in Example 2, by the cost.

Let X be a nonempty set. We say that a function d : X2 — [0, +00) is a
metric, if the following axioms are met for each z,y, 2z € X:

(M1) dlz,y) =0iff z =y,
(M2) d(z,y) = d(y, z),
(M3) d(z,y) <d(z,z)+d(z,y) (the triangle inequality).

The pair (X, d) is called a metric space. It is essentially a set in which it is
possible to speak of the distance between each two of its elements.

Formalizing the above discussion we have the following general problem:

Given a metric d, we shall refer to d as ‘the old metric’. We will consider
functions f : [0, +00) — [0, +00) such that the composition ¢, defined by:
¢(a,y) = fld(z,y))

is a ‘new’ metric.

Probably the first example which comes to mind is the ceiling func-
tion ¢ — [x]. In fact, such a composition will produce a metric (see the
following theorem).

Theorem 1. (See Kelley [33], p. 131.) Let f be a real-valued function
defined for nonnegative numbers, and such that f is continuous, (the conti-
nutty of [ is needed only for the equivalence of d with (, see Theorem 3.2),
nondecreasing and satisfying the following two conditions:

(1) fla)=0&a=0, and
(2) fla+b) < fla)+ f(b), for each a, b.
Let (X,d) be a metric space and let ((x,y) = f(d(x,y)) for each z,y € X.

Then (X,() is a metric space and the metrics d and ¢ are topologically
equivalent.
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Corollary 1. Let (X,d) be a metric space and let
C(z,y) = [d(z,y)] for each z,y € X.
Then (X, () is a metric space.

Proof. Let f:]0,+00) — [0, 4+00) be defined by f(x) = [x]. (See Fig. 3.)
Let a,b > 0. Since [a] € Z, [a] > a, and [b] € Z, [b] > b, we have

(a] +[b] €Z, [a]+[b] >a+b.

Thus
[a] + [b] € a+b,+00) N Z,

which yields
[a+ 0] = min([a + b, +00) NZ) < [a] + [b].

y=I[z]
oO—0
o=
®
0 1 2 3
Figure 3
Corollary 2. Let (X,d) be a metric space and let
d(z,y)
x,y) = —————— for each x,y € X.
(z,y) T+ d(z, ) f y

Then (X,({) is a metric space and the metrics d and { are topologically
equivalent.
Proof. Let f:]0,4+00) — [0,+00) be defined by (see Fig. 4)

x

flz) = T2 (x >0).
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Figure 4
Let a,b > 0. Then
a-+b a b a b
o) = T " Thas T Tast Siqa 13 J@HO
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1. Preliminaries

Let (X,d) be a metric space. For each f : [0,400) — [0, 400) define a
function dy : X2 — [0, 400) as follows

dy(x,y) = f(d(x,y)) for each z,y € X.

x2 1 [0, +00)
\ ‘f

()
[0, +-00)

We call a function f : [0,+00) — [0, +00) metric preserving iff for each
metric space (X, d) the function d; is a metric on X. For example, we can
derive a bounded metric from a given metric by the function = — (see
Corollary 0.2). This idea is used in the construction of the Fréchet metric

on a product of a countable family of metric spaces, i.e.

o dilwa )
T, — 9—v., VI
ole,y) ; 1+ di(2s, i)

Denote by O the set of all functions f : [0, +00) — [0, +00) with

F74(0) = {0},

We call such functions amenable. It is easy to see that every metric pre-
serving function is amenable.

Let us recall that a function f : [0, 4+00) — [0, +00) is said to be subad-
ditive if it satisfies the inequality

flaty) = fl@)+ f(y)
whenever z,y € [0,400). (See [31] and [53].)

In the following we show an importance of subadditivity in our investi-
gations. This theorem first appeared in Wilson’s early paper [67].
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Wilson’s Theorem. Let f € O be such that
a,b,¢c >0 and a < b+ c imply
fla) < f(b) + fle).
Then f is metric preserving.
This theorem can be expressed somewhat differently. (See Theorem 0.1.)
Theorem 1. Suppose that f € O is nondecreasing and subadditive. Then
[ is metric preserving.

Proof. Let (X, d) be a metric space; we show that f od is a metric. Prop-
erties (M1) and (M2) are easy to check. For (M3), let z,y,2 € X, and
let

a=d(z,z2),b=4d(zy), and ¢ = d(z,y).

Zs
> f(c). But

It suffices to show that f(a) + f(b)
fla)+ f(b) > fla+b) (subadditive)
> fle) (nondecreasing),

as required.

On the other hand, the next proposition provides a necessary condition
for a function to be metric preserving.

Proposition 1. Every metric preserving function is subadditive.

Proof. Let f:[0,400) — [0,+00) be a metric preserving function. Denote
by e the usual metric on the real line, i.e. e(x,y) = |r —y| for each z,y € R.
Suppose that a,b € [0, 00). Then

fla+b) =er(0,a+0) <ep(0,a) +ep(a,a+b) = fla) + f(b).

The following criterion of subadditivity is well known.

Proposition 2. Let f € O and the function x — ﬁwﬁ be nonincreasing on
(0,400). Then [ is subadditive.

Proof. Let a,b € (0,400). Then

fath) |, flath gl

1 b-
a-+b a+b — a 0

. (b .
fath)—a- I _ pay+ 6.

While subadditivity is an important necessary condition, the following
three examples show that it is not sufficient for an amenable function to be
metric preserving.
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Example 1. (See [15].) Define f : [0, +00) — [0, +00) as follows

T
flz) = [ for all z € [0, +00).

Since the function x — % is nonincreasing on (0, +0o0), by Proposition 2

the function f is subadditive (sec Fig. 5). Note that f is not metric pre-
serving. (See Corollary 2.1.)

A

Ly=4

Figure 5

Example 2. (See [25], p.133.) Define f : [0, +00) — [0, +00) as follows

{

By Proposition 2 the function f is subadditive. (See Fig. 6.) Note that this
function is not metric preserving. (See Theorem 3.1.)

f(a) ifae <1,

otherwise.

[T
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A
y = 1)
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|
|
y=f(z) |
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|
|
0 1 i}
Figure 6

Example 3. Define f : [0, +00) — [0, +00) as follows

o= {7 0

1 otherwise.

It is not difficult to verify that f is subadditive. Evidently f is discontinuous
at each point of [0,4o0c). Note that f is not metric preserving.

The converse of Proposition 2 is not true, as the following example shows.

Example 4. Define f : [0,4+00) — [0, +00) as follows
fl)y=3 -2+ -2 . Bz—1|+3 - Bz—-2 -3 |z—1].

Since the function f is metric preserving, it is subadditive. (See Fig. 7.)

Note that the function z — @ is not nonincreasing.

Simple examples of metric preserving functions are concave functions.
(See [56], [4], and [58].) Let us recall that a function f : [0, +00) — [0, +00)
is called concave iff

F1=t)xr +taz) > (1 —t)f(x1) +tf(2x2),

whenever x1, z2 € [0, +oo) and 0 < ¢ <1.
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A less restrictive definition of a concave function f is the requirement
that f be midpoint-concave: ”at the midpoint of an interval the curve lies
above the chord”, i.e. the inequality

f(x+y> > fl@) + )

2 2

holds for all z,y € [0,400). Note that for amenable functions those two
notions are equivalent. (See [26].)

A

3/2

1/2

Figure 7

Lemma 1. Suppose that f € O is concave. Then the function x — @ 18
nonincreasing on (0,+00).
Proof. Let a,b € (0,+00), a <b. Putt = ¢, o3 =0, x5 = b. Since f
is concave, we have f(a) > ¢ - f(b). Therefore the function z — @ is
nonincreasing on (0, +00).

Theorem 2. Let f € O. Then f is concave iff

(") Vt=0Veyze0tatt=y+z: fla)+ fE) < fly) + f2)
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Proof. Suppose that f is concave. Let t > 0, z,y,2 € [0,t], x +t =y + z.
Suppose that y < z. We distinguish two cases.

1) Let y = 2. Since y = %(m +t), by the assumption we have

fly) = 5(f(@) + £(1), ie. flx)+ (1) < fly) + fy) = Fly) + [ ().

2) Let y < z. Let p > 0 be such that y = pz + (1 — p)z. Then
z=pt+ (1 —p)y. By the assumption we obtain

=

pf(x)+ (1 =p)f(2),
f)+ 1 =p)fy),

b
Thus f(4) + /() > p(F(z) + F() + (1~ p)(F(=) + f(y)), which
yields f(x) 4+ f(t) < fy) + f(2).
Oun the other hand, suppose that (*) holds. We show that f is midpoint-
concave. Let 0 <z <y. Since 0 <z < 3(z+y) = 3(z +y) <y, by (*) we
have f(z) + f(y) < f(52) + f(2£2).

fly

Remark. Observe that putting z = 0 in (*) we obtain the subadditivity
of f.
Theorem 3. Suppose that f € O is concave. Then f is metric preserving.

Proof. The subadditivity of f follows from Lemma 1 (or from Remark).
Now, we will show that f is nondecreasing. We procede by contradiction.
Suppose that there are x,y € (0,+00) such that z < y and f(z) > f(y).

Put
fy) _ yfle) —xf(y)

e T T i)

Since f is concave, we have

fly) > (1 =1t)f(21) + f(y),

which yields f(x1) <0, a contradiction.

To = X.

A continuous, nondecreasing, metric preserving function which is not
concave is shown in Example 4.
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The next comparison test of subadditivity is a generalization of Propo-
sition 2.

Proposition 3. (See [37).) Let f.g € O. If g is subadditive and the

Sfunction x — ;gi; is nonincreasing on (0,+00), then f is subadditive.

Proof. For a,b > 0 we have

. _ fla+b) " fla+b) 4
F@ e O
< S 9@+ ab) = fl@) + 1)

Let us finally note that subadditivity admits a nice characterization in
terms of infimal convolution. If f, g € O, then their infimal convolute fOg
(see [42] and [59]) is the function that sends each x € [0, +00) to the real
number

(fog)(x) =inf{f(y)+9(z): y,z € [0,+00) and y + z =z }.

Proposition 4. (See [59].) Let f,g € O. Then the following statements
hold:
(1) f is subadditive iff fOf = f,
(2) if min(f,g) is subadditive, then fOg = min(f,g), and
(3) if f and g are both subadditive, then fOg is the largest subadditive
minorant of min(f, g).
f(=@)

Remark. Let f,g € O be nondecreasing. Suppose that z +— == and

T — %ﬂ are nonincreasing on (0,+o00). (This is the case for instance if
f and g are concave.) Put h = min(f,g). Then h is nondecreasing and
T @ is nonincreasing on (0,400). Consequently, h is subadditive.
Thus h = fOg.

For recent results on subadditive functions, see [39] and [40]. Let us
mention only one of the results proved there.

Proposition 5. (See [40].) Ewvery subadditive and right-continuous bijec-
tion of [0,+00) is a homeomorphism.
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2. Characterization of metric preserving functions

Let a, b and ¢ be positive real numbers. We call the triplet (a,b,c) a
triangle triplet (see [60]) iff

a<b+c, b<a+c andc<a-+0;
equivalently, la —bl <ec<a+1b;
i e a+b+c>2-max{a,b,c}.

Triangle triplets are used in place of the more awkward terms d(z,y),
d(z, z), d(z,y) for various metrics d. The following result gives a character-
ization of triangle triplets, which is based on the fact that each three-points
metric space has a representation by certain subspace of the Euclidean plane.
(See [4].)

Proposition 1. Let a, b and ¢ be positive real numbers. Then the triplet
(a,b,c) is a triangle triplet iff there are x,y,z € R?, x # y # 2 # x, such
that

a=ce(x,y), b=e(r,2), c=e(z,y),

where e denotes the Euclidean metric on R2.

Proof. Suppose that (a, b, ) is a triangle triplet. Put

(50 - (50
2= (CHQ_ab ,%-\/(a+b+c)(a+b—c)(a—b+c)(—a+b+c)>.

Then a = e(x,y), b =e(z,2), c =e(z,y).
On the other hand, if z,y, 2 € R%, 2 # y # 2 # x, then

(e(x,y),e(x,2),e(z,y)) is a triangle triplet.
This is immediate from the triangle inequality.

As a corollary we obtain the following theorem which gives a characteri-
zation of metric preserving functions. (See [58], [4], and [17].)
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Theorem 1. Let f € O. Then the following are equivalent:

(1) f is metric preserving,

(2) if (a,b,c) is a triangle triplet, then so is (f(a), f
(3) if (a,b,c) is a triangle triplet, then f(a) < f(b
(4) Ve, yE[ +o00): max{f(z); |z —y|<z<z

The following corollary shows that no function f € O having the z-axis
as a horizontal asymptote is metric preserving.

Corollary 1. (See [4].) Let f be a metric preserving function. Then

Va,b € [0,400): a <2b= f(a) <2f(b).

Note that the asumption "metric preserving” in Corollary 1 cannot be
replaced by the assumption "subadditive”, as Example 1.1 shows.

The proofs of the following two propositions are straightforward and we
omit them.

Proposition 2. (See [4].)

(1) If f, g are metric preserving and k > 0, then each of fog, [+ g,
k- f, and max(f, g) is metric preserving.

(2) If fn (n € N) are metric preserving functions that converge to a
function f € O, then f is metric preserving. Under the same hy-
pothesis, if > . fn converges to a function s, then s is metric
preserving.

(3) If (ft)ter is any indexed family of metric preserving functions that
is pointwise bounded, then the function x — sup{fi(z); t € T} is
metric preserving.

Let Q denote the first uncountable ordinal number. A transfinite se-
quence (a¢)e<q of nonnegative reals is said to be convergent and have a
limit ¢ € [0,+00) if for each € > 0 there exists an ordinal number o < Q
such that d(ag,a) < e whenever o < ¢ < Q. If (ag)e<q has a limit a, we
write 11111 as = a.

A tmnsﬁmte sequence (fe)e<qo of functions fe : [0,400) — [0,+00) is
said to be convergent and to have a limit function f : [0, 400) — [0, +00) if
for each x € [0, +00) we have 5lingl2 fe(z) = f(x).
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Proposition 3. (See [4].) If (fe)e < Q is a tranfinite sequence of met-
ric preserving functions which converges to a function f, then f is metric
preserving.

Finally, we will show that "most” metric preserving functions are not
continuous. We call an amenable function f tightly bounded if for some
a >0, f(z) € [a,2a] for all z > 0. (See [15].)

Proposition 4. If f is amenable and tightly bounded, then f is metric
preserving.

Proof. Let a > 0 be such that for all z > 0, f(z) € [a,2d], and let (a,b,c)
be a triangle triplet. Then f(a) <2a=a+a < f(b) + f(c).

Every amenable, tightly bounded function is necessarily discontinuous
at 0. It follows that there are 2¢ tightly bounded, amenable functions (where
¢ is the cardinality of R).

The following example shows that there is a metric preserving function
which is nowhere continuous and nowhere of bounded variation.

Example 1. Define f : [0,+00) — [0, 400) by

0 ifx=0,
f(x)=1<¢ 1 if x is irrational,
2 otherwise.
Since f is amenable and tightly bounded, it is metric preserving; because

the sets (0, +00) NQ and (0, +00) — Q are dense in (0, +00), f satisfies the
required pathologies.
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3. Strongly metric preserving functions

We call f: [0, +00) — [0, +00) strongly metric preserving if for all metric
spaces (X, d), ds is a metric topologically equivalent to d. (See [15].)

In this section we characterize the strongly metric preserving functions.
An important theme here is the significance of the behavior of a metric pre-
serving function at 0. We show that such an f is strongly metric preserving
if and only if f is continuous at 0.

We begin with the following definition. Given a point & of a metric space
(X,d) and a positive real number ¢, the open ball with the center = and
radius ¢ is the set

Ba(w;e) = {y € X; d(v,y) <&}
If in Theorem 2.1 we let ¢ = |a — b|, we obtain the following result.
Proposition 1. (See [7].) If f is metric preserving, then
Va,b € [0, +00) : |f(a) = f(0)] < f(|a —b]).
Theorem 1. (See [4].) Supose that f is metric preserving. Then the
following are equivalent:

(1) f is continuous,
(2) f is continuous at 0, and
(3) Ve>0dr>0: f(x) <e.

Proof. Tt follows from Proposition 1 that (2) implies (1). Indeed, let £ > 0.
From the continuity of f at 0 it follows that there is § > 0 such that

z € [0, 6) implies f(z) <ce,
which yields
a,b € 1]0,+00), and |a — b| < § implies |f(a) — f(b)] < f(la—b|) < e.

It follows from Corollary 2.1 that (3) implies (2). Indeed, let ¢ > 0. Then
there is xo > 0 such that f(zo) < 5. Put § = 2x¢. By Corollary 2.1 we
have

x € [0, 4] implies f(x) <2- f(xo) < e.

Note that the asumption "metric preserving” in Theorem 1 cannot be
replaced by the assumption "subadditive”, as Example 1.2 shows.



































































































































































































